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iiDoini.or 

In oral6r to estimate the effects on mounted appa- 
ratus of shock or impact loading, simplified elastic systems 
may be taken to represent the actual structures, so as to 
make possi&le mathematical analys-is. One such simplified 
system is*a simple mass-spring system attached to the frame 
or taj&le which-is subjected-to shock*; An analysis of the 
probable .damage done to this system by a drop test type 
of impact has been, made previbui^ly. Another system is a 
cantilever.-beam, whose clamped eM  is subjected to a speci- 
fied transverse Impact. This syst'Sm differs fundamentally 
from the simple mass-spring systKsm^ in that its flexibility 
an4 masi^s afe d.1sti*ibuted» gather.tfeaii. lumped, 

^ -" ''   Iff thts report a 'rtiithewatacal solutiaA Js obtained 
for the deflection ^nd gtr/sssss in B  cantilever beam, whose 
-B«se-is-glv.eJi--fi-t:raii3V«fse!' impa-ct tit « t^p^-ft^t'^n^'^mfir^p- 
th&t obtained in a drop_teist or other sissplififid shock load= 

T4. 
Ate 

a functioji of 
uHiB inHAxrau") stress,  con^jiaerea as 

vlie durafclonj of impact, dif fera corisiderably 
from thosa of the simple ^ss-sprtng system. 

!^L - 

i?-:sr;^Tcri;D 
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IKTRODUCTIOK 

(.A) Authorisation 

1.  This work was authorized by Bureau of Ships Pro' 
ject 1438/42 of 24 September 1941. 

'S) §tatgggPrt,.,.ay^i..Pi'§S^;'-gS3-Q?T./r^f 

2.  The proper protection and design of. apparatus to 
enable it to withstand severe ntschanical shock is a problem 
of foremost importance. Considerable has been learned;of 
the nature of the mechanical shock that shipboard apparatus 
must be expected to withstands. Some of this knowledge has 
been applied in the eonst^uction of .'fiajral gear- Designer*! 
have, however, been handiea{)paa by a ilacfc of fundamental 
Icoowiedfte of t>se damaging .effects of- shock irapulses of 

-."-r.-i rri[t^-^v -%:: 

""3V'" :Ji'ne; problem of miej^imtx^'fhs aamaging exfeets 
atr1|l4ocki: is of enormous scope. Both tha, varleti&s of 

UWfc iJl «*-■«♦• H.'lf.=.f;.V 

assantptions^and slnipiicrat-ionp", wMdh mui^t always be kept 
Inmtnd. An analysis of part,'of this or-oblem was made'by 
Dr. B. D, Mindlir. vlj'*.iri whloh the ^iafnage effect wss considered 
^urider'conditIons representirig jthose of a "drop-test". An 
apparatus for the performance bf a test of this ..nature is 
degdribedi by the American Standard Association. ^^^ Figure 
1 shows a sirapllfied pictura of 
the ^ri'sngsment considered by 
Mindlin.. A heavy, rigid table 
of mass M has a light, rigid 
tnajsa, tri:!^} flexibly mounted on 
it by spring k^^, A spring 
bumper, K, is attached to the 
lower side of S«% "fhe assembly 
falls a. distance h snd strikes 
an anvil plate. The direct ion 

Ti>6/«-^  Ar^, 
M 

OX    IHOLICJH   ui    in   J.&    icvcrccjij   j.ii 
a  sinusoidal  manner,   anci in a 
time determined  principally by 
K gnri If.    The WUCTI^ assembly 
then  nsoves  away from the anvil, 
and  i.s  caught  be:fci'e  reboundl.ng = 

H 

Anvil ^ ^ 

''■'T'e   1 

iieler BibliogrcTphy, Page   16 
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4.       The motion of the inass m^ 

Ss& 

aaoS 

^•^ 

relative to M is a 
function of their respective masses, the spring constants, 
aiiu lue striking velocity.  The maAimum relative uispluC-e- 
ment 5 Wxhlch is the amoiuit by which the. spring k-j 1 ■ com- 
prcGGGd, raay be taken as a measure of the possible damaging 
effect on the system, of a given shock of this type. Thus 
for the system shown in Figure 1, an estimate of the probable 
damage to the moimted element, or to the spring k-. , may be 
obtained from the solution of the deflection of tne spring. 

?. Another case of fundamental interest is illustrated 
in Figure 2. A light cantilever beam is horizontally mounted 
on a rigid, heavy table, M„ A 
spring bumper, K, is attached 
to tha lower side of the table. 
The assembly Is dropped, as in    ,  
the previous case, and it is      \  
desired tp.;:4ttermiiiej;^h^^^^^       %ihU^      K\ 
ability :o:f'-iaMagi-t©;-illv^-'1>^m,. ^ ^--^^^    ■yi-:^ 

/ 

'Tt~ 

Anun I-^ J. 
\ WT \V\\ V. \VT<\^ T% ^^ W >.^ 

Figure 2 

__6,  The probable damage to the beam by the irapacf. 
is assujsed to be determined by the maximum bending stress 
in the beam. Hence the criterion of the severity of the 
impact in this case is the curvature of the beam at its 
clamped end, rather than the displacement of the beam.  Thus 
to evaluate the effect of the shock v/e have to obtain first 
the deflection curve of the beam, and from this derive the 
curvature at the clamped end? both during and following 
the impact. -These are given as general functions of the 
table "stopping frequency" «6 , the striking velocity V- and 
the elastic properties of the beam, by an analysis given 
later \n  this report. "    ^ ^ 

\ 

ANALYSIS OF DEFl-ECTI0N..M'^-3JR^S'^   '^^■-  ^-  CANTILEVER BEA.M 

1^ 

7.  The system considered is shown in Figure 2. The 
Cantilever beam is assumed to be light in comparison with 
the tsble, so that the motion of the table during the im- 
pact is governed only by its own mass and the- b'jir.per r.pring 
• ..stant.  The motion of the table during the jmpact is 
taken a.s 

V „ inffit 
w 

:.ere iir "■ displacemei \  of table {'■  displacemen-c of clomped end of beam) 

T- T,  f .■ 



/2gh = ■velooity nf tabls just before impact 

r .11 (see Figure 2) 

I p.'. 
r IF' 

The quantity a> «/v  will bs referred to as tfee "stopping 
frequency" of the table. There is, of course, no contin- 
unii? vibration of the table at this frequency. The dura- 
tion time of the Impact is T » g.  It is assumed that after 
the impact is completed, i.e. fort^j^, no forces act on 

■the system. 

8.  The deflection curve of the beam is the solution 
of the partial differential equation 

i 

. 1 

^^^' 

-ig 

W^ *-^;«; 

whitfh satisfies the required b^anuar-y t/onditiohg, both 
duriug and rollowisg the Impact*. Ill this equation u(x,t) 
is the displacement of the bisam measured fi-om its initial 
straight pos-ltinn at the start of the Imnant^  W is the 
weight per ginit length of the beam, E is Young's siodulus, 
I is the cross-sectional moment of inertia of the beam, 
and g is the\acceleration due to gravity. A complete 
solution of I this problem is given in Appendix 1 of this 
report. 

RESULTS A^!D CONCLUSION 

9,  il curve showing the raaximum def?lGction of the 
spring, ki, which is_a measure of damage p^robabliifcy for 
the firsf"'considered case (see paragraph 4 and Fig, 1) 
"i^ gliren^ln^Plate 1. This, curve was plotted^from the equa- 
tions derived by Mindlln.^-^^ For the interpretation of 
this gra;oh It Ir best to consider a fixed arrangement of 
mounted apparatus, i,e» consider MJ^ a parameter of any 
fixed value. The variables conEidered are then x and w. 
The timo of impact is the half period corresponding to 
o, vvhj ch is G:qual to ^.  The graph indicates that the prob- 
ability of damage (sfie paragraph 4) increases as <« in- 
creases until a maximum value is reached, v;ith nothlnp; 
ur-u£ual happening in the noif'hborhood of oi, = B , Far all 
praOoiCcii    CC>u5iCj«r aVions    uuiS   iTiaAiruLUi'i   vaiUu   ij   fclirl.aiuuu 
v.'hon CO 5- 3ffiX' j^his meaus that the probability of damage 
is independent of the Impact time^, if the laipact time is 
short   cn:fipa.rHd  viitY] tho  pei-iod of the  flexibly mounted. 

11 

il 

I 
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apparatus.  It means that, under those conditinns, the 
change of velocity is the important factor, and that the 
magnitudes of accelerations involved, for  a given velocity 
changej are of little importance. 

1^ I ICr  In the ahove analysis the mass of the flexible 
iv mounting was neglected,  Plate 2 illustrates the effect of 
i^ impacts of varioug time durations on a cantilever beam^ 
S- which is a system with distributed flexibility and mass. 
r- The bending stress at the clamped end of the cantilever 
fc beam is plotted as a function of the "stopping frequency" 
% of the table. The impact time is, as before, equal to one 
#1 half the pei'lod associated v/lth this frequency, or J. The 
i^ frequency and other properties of the beam should be con- 
IA- sidered as.fixed parameters for any given set-up. The 
f- curve demonstrates that, for a given velocity change, the 
Si bending stresses continue to increase as the time of 

^gf.   \ : .-, -time duratlto^^ the peJ*iod of the beam,   "   . - 
^^         tuay be of Corisidexable importance in this cese in contxa^t^ f 
^      ^ . to the prevlnas-case. It has been determined that the maxl- I 
'^ "■"     ST17?) bRTTdinr "strff.^?; ."5t/i:hs T:rnrnp=^.i1 ^ s^^       during thn •'■ 
^         impact when »/a,«:l, and after the impact whenVa,>l.* The i^ 
^          curves of l-iates" 1 and 2. are quantitative in nature and [ 
g;       provide means of estimating numerical values for practi-     - - j 
^         oal problems that tnay b? sirapllfied to fit the assumed ! 
^          conditions.  It should be.noted that, as far as mathematical 
^          analysis is concerned, the present salution.applies to many 
f types of shock or impact loading ,of elastic structures, 

as well as to the "drop test" type of shock. For example, 
^ if a velocity -V were superimposed on all parts of the   ' 
^^           syst&sjs illustrated in Pigs. I ar.d 2, the motion of the     . j 
"        - -table would approximate that of the anvil plato of a haniraer- ! 
?^            --          type shock machine. Hovvever, the questions of the suita= [ 
g^ ,^^      biiity of using a sinusoidal displacement function, and of . j 

the interpretation of the analytical results, must be I 
decided by experimental work. This is now in progress-            ■  i 
Further diseussion of the limitations of those results is [ 
given in Parag.r-aphs 8 and 9 o.f the Appendix,. ] 

t 

a    i'-i   t'liK r-.tiiiirn-'it-fiLdi  ix-«iju,t;iiujr   >!..' free, vibraliun o£  Ihe bejam. 



M£liX£IiL.2L..2?FiiSSIlSi:„^Eii. SIJjSSjj l-lLi- ^M^ILEVSR, B£/M 

SUBJECTED TO A DROP-TEST TYPE OF TR/NSVERSE IMPACT 

1,  It is required to determine the maxiraura bending 
St re-5? in a cantilever beam, when the clampecl end under- 
goes a specified change of 
motion. The physical condi- in 
tions are illustrated in ]*— L -^ -J 
Figure'2.    A beam of small | ;^ 
mass  is clsmned in a hori- 
zontal position to a heavy 
table.     The table is dropped 
on a flexible spring and the 
direction of motion of the 
tsfele ls-revei?sed sinusoidallyi 

A 

U 

f<f~ 

t- 

■w 

Figure 3 

2.      Some nomenclature to be used is given belov?; 

t  "" tluje  tt  is  i^sKsn S3  ^cro Qt  tnc irii^utiiiti  Di.ic 
ts-ble s"rin''s niske contact- with th^ nnvll); 

X =  coordinate giving position along length of 
utam  y.f.-Kj  ill/   ±i'«t;  ciiu   \f   »efc   vrif,.   jj, 

u(x,t)  - displacement o^beaWj raeasu^red from its 
original  straight  position ^t the instant 
the table strike! the anvil  (see Fig.  3) 

•n 

E = Young's modulus of material of beam 

I  = cross-sectional  moment  of inertia of beam 
- bd3/l2    (see Fig.  3) 

b - width of beam 

d - depth of beara 

L - length of beam 

vj -  weigUt of bsam per unit length 

£ ~ aoceleratjon due   Lo gravity 

V - striR.ing velocity of  table 

m 

m 

I- 

« "ig " ;rt<    r.r    h, Stopping  irequency"  ot   taDxt: 

niHnTHICTKl) 
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'i 

T '- w ~ duration time of Impact 

Pj^{na--i,'2... oo) =■■ roots of frequency equation of cantilever. 
1 + ccshppCosBrj" 0 

a » sL. e^ - natural frequenciep of cantilever 

Additional notations used in the analysis are defined as 
introduced, 

3.'  The deflection curve.of the beam is the solution 
of ths equation 

—^ '\.\M^ A (1) 

subject to the boundary" conditions given below? 

a.     The  5^niiial   siid  lerjnlnal   cofluitioili;" roqulreu 
during the Impact  are as  followst 

t s 0 : u » 0, (2a) 

I 
S 

These express the conditions that the  bar was initially 
straight and moving with a, velocity V7 For t^5 ^ , (the 
impact period), the conditions at the free end of ths bar 
(x 5 0), arc; 

I Also for t^^ , at the clamped end of the bar (x 
the conditions are assumed that 

(2b) 

I). 

\ • I ^i™^*    5    {^)^ ' 0 (2c) 

b.     The conditions  applying to the motion after 
thpi  impact, t ^   2-     ,,   may be  simplified by  taking  a new time 
ooordiiiaut;    t-   -  u M ■> b 'J  b licit i' corruspoini^. uu UH« 
instant the impact is completed',  and by superimposing a 
velocity LV  on the entire system, c-o PS to bring the table 
to rest.  If the dsf1eciion and veluclLy functions of the 

liEGXniCTED f.> 



beam at the completion of the impact sre denoted as 

i  t: 
<i ITT" 

i     % 

i    R^ 

m 

I  I 
w 

I    _f 

u(xj v/m) "    F(x} 

u (x, rr/to) = G(x), 

then the following conditions are required (using u' ( 
to denote the displacement after the impact): 

t' = 0 :   U'CJO S F(X) 

u'(x) = G(x) rV 

X - 0 (free end) 

X ; t (clamped, fixed end) s ui "f^—- 

x„t') 

(4a) 

(4c) 

4.  The solution of equation (1) for the motion 
during t'as Impact ( 0 «E t * n/o ) may be obtained by 
applying the Laplace transformation. The transform 
«'.. l',        r.r   n/v.tl    Ifl   /ififipArt   fi<5C3) 

u(x,\) =1    u(x,t)e-'^* dt 
./ 0 

«   Equation  (1)  transforms to 

dV 4-        V 
—: u u    w    -1 
ax" r:7 

ri." 

■ffl 

where li^ p - •^ 

The  cofirplete   solution  of thia   eqaation  js 

11    K i -I   A  c"Sh ;L)C + B  sli.ih ux  +  C cos (LX +  n a;in ax 

i;i:;-i':'iCTE!J /   '" 



r 1 '" vrhere A, P, C, D are constants to be determined so as to 
catisfv the transformed conaitions at the ends of the bean, 
derived from equations (3b) and (3c).  Evaluating these 
constants, we obtain 

i t 

11- By the Fourier-Mellin inversion theorem, (3) '■■'e have 

i' ST 

11 u(x,t) - f   ti(x,X)e^*dX 
I r I ■ ' 
If jBr 
ifc_i*l   -  ,;^^ The_ evaluation of tiiisline integrpl is obtained by 
II ^^ ..J'    transrorraihg the path of integratibrfl^o a elosed_ contour, 
Ip^— ---z-    -^^nd applying the calculus of residues^:^:Poles of the IntA^i-^ 
[^ grand, are as follows: 

I j| (1)  Double pole at X = 0 

Ig (2)  Simple poxes at >, = + io) 
i §i - 
i I (3)     Simple poles at  roots of 1  + coshnLGOspX = o 
! fe 
S If- 
5 jj; Evaluating the reslTiues at all these polea and adding. 
I I obtain, fi]:.ally 
I if' 

^ ,, - I^(2LL sin«t * 2VC02   t^     JljL——^     sina^t (6) 
^     Pn°n<» ~S 5 

where 

5n(-) ^ l_„_iik_™—^-^  
coshpn^i-'^'Pn-sinhfJnCosPiv, 

0  (;c) - (cos^P, ?-^«''_^?)^^''V2!!!nhil^^ 

B   *!^ 

/,   / ,^ _ (ooshv g^cos-v?)fcoahv-^cosy-)-(^i-nhyg^gi"y?2<>i^ ::^^">:.l 
Lj*'  (,-fi-; - ,, , I   |i .T- Li—~—. :   -■■-w.—-.— ' "— -^ 

1 + 00shy copy' 

fi    - the r-.th ronl: uf   -.h^ .fremjar.ny equaiion for a cnntilever, 
-n 

:;i'^TPI(:T^ 



K        „1 a^ = |--2- P^ =■ the nth natural frequency (radians/sec)  of  the 
Kaulilever, 

r = L CO 

Jk 

It may be verified that this solution, eq. (6), satisfies 
the differential equation (1), and the initial and termi- 
nal conditional (3a) (3b) and .(3c). 

er. 5i       The  solution of equation  (1)   for the motion 
following the  impact   ( t^ rr/a, or t» :>   o    )  may be obtained 
directly In terms of the oharacteristic functions of the 
oantilever- beam.    The norraalTzed eharacteristie functions 
for the cantilever are 

r 
n (...) _ i L,„„uQ x,-n^D X -   -SinhBn-sinPri    /..  ,„Q iL.-!,," xA 

(7) 

The solutior   is then taken as 

.00 

u'(x,t') « %' Uj,(x) P„cosG,it'   + Qn"^5^fin*'] (8) 

where Fnj Qn are constants to be determined so as to give 
the required displacement and velocity functious at t' -•0. 
The following relations exist: 

■u''(x,f.->) = >  Un('')Pn '•■ f(>^^ 
11=1 

vi'(x,o) ^■''^>'' n,/x>5j,a,,=^ G(x) 1 V 

(9 a) 

(Qb) 

■;'!!■ I". 0 _ 



m 

I 

CD where _—, a^ 
ooahPp^+coapy 

,y p„a„(u2..rx^3)    coshp„sinpri--^ir>hBnCo'=pjj 

n«l 

1^ 

G(x) a urx,tTA)) = - ^[(co3V^cosy)(coshy^cos-^|) 

I        1 + cQShy-coay- 

(sinh)r-siny)( sinhy S+siny X) 

CO 

4liL 

n»x 

X + coshycosy 

PnC^^n^)       coshpnSittPri-siniiPnOOflpn 

I 

I 

&  -r^v 

Multiplying  equations  <9a)  and  (9b)_by \5^U)  and integrating 
■ s.ve,  since ttio U^^'s are" nvormallzea, 

P^ " /  ¥(x)VJx)dx: 
"Jo 

flnOn =/fGCx)+vl Ur,(x)dx 

The  integrals  for  Pj^,  Q^ may be evaluated by making 
the properties of orthogonality of the characteristi 

use  of 

functions,  and of the functions contained in F(x),  G(x). 
The  following result  is  finally obtainedj  after eonslderable 
Sim p'l j. f 1 c a t i o t; 'iginr^lly) 

ii'(3c.tj -■-- AV> _IH:_' i, « . 
a-. /■ G'Hi-^ G^I'i 1' 

nan 

rt^/ i^nan ti-"-'-ir) 
(10) 

CO 

vrhe.-e   'f\^,('A),   p;, av'-i the  same as defined above for eijwation (J^'} 

iayj 

0    - 



It should be noted that the above result givys the .notion 
of the beam (after the inpact) which v.'ould be seen by  an 
observer .-ncvinsT with the beam, at constant velocity -V, 
It may be verified that this resalt, equation (IC), at 
t    -    TI/CUL    o-\-\Tf^^   t-hta    ciamp    r! "i c; n"! acP^^eTr.    a*T"^    ireT'^C''tv    Af    rlrKsg 

tne solution for the motion daring impact (eq.6). 

KTO^ERiCAL SVALp'ATIOF 

6.  The ciu'vaturs at the clamped, end of the canti- 
lever is first obtained from equation (6) and,(lC) as 
follows: 

--   (a) During Impact: . 

S 

t 
I 

rrfAti 

sinSIJj^clTipjj 

(lla>: 

1 
»• ■   1       {i_2 '    ;  ■ I 
-»-- f'nn- ^) coshpiisirtiVsinupx-iC'-'-Pn j 

T; 
- \s. 
1 

(b)  After impact: 

[0 

I 
n^x 

cos -^ f5inhBr.sir>fi„ I 
(lib) 

These equaCionsf cannot be applied when K - a.,^,  I = e. 
when, the "stopping frequency" of the teble  i's equal to any 
one uX' tije natural .t'x'-CQUtincies, since in the above fo.T.ii 
t.ney leaa to indeterrainscies in these cases.  The li0i.Ltxng 
vulues in ihcL^e *'resonance" cases may be shovta to be finite, 

CTKO 11. 



(a)  During impact,  for   ©« ap^    ')'■" p   ■^ z-^- 

V Vox''/ 5^   4L ■- ^ n [ sitit.y cosy-(idsWy^xnY 

+ A 

00 

an'' 
5?^ ?.(1-^) 

sinhpj^slnj^yj 
coshp^B inBn-3inhppjC0 sPjj 

(12a) 

6>« 

r^ 
(b)  After Impact,  for    « >= a^ ,    ^-e pp = /^ 

i 

I 
i 

+ 8>r^ .^- sinhpyjSinPn (12b) 

"^  p„(l-"4) i'°'^P»-~^^n-«inhPnC03p,;j 

fie 

It may be checked that tbe above equations for the curva- 
tures before and ofter impact agree at t - ii/« . 

7.       A convenient dlmenslonless form for these result 
may be obtained by rewriting them in terms of the ratios 

f   s ^^£_ z  —Shopping f:^g0.1jg'^<^v" Qf ^sble  
ai   fundamental frequancy of cantilever 

t  E Ji^ Z  liia&„aH£?._start of im£act_ 
"7»  duration time of impact 

The bend:l;ag ."stress at the .^Tamped end is given by 

fn. 

hEGnncvEp 



i 

1 

here d Is the depth of the baara.    We now vn-ite 

The equations  expressing the severity of the impact are, 
finally: 

(a)  During impact (o« t ^1) 

CD ^  o  2 
*'~^   Aj^sir, J |%r 

^ 1 »ilii 
,.   _ ^.SEdf-'^o-A^sinnt +)    _Ji_.i4ll-. (13a) 

#ll^^ 

Yh^    *■#■+•<»*»   -tmnet^t-       / 'T   "S     1 li 

i, -- c^   ;^ An COS-S-ini ,■     •-.... 

: J- 1. "-^ _/ "■ j> s ".^"- / 

K \^--  where     An - -«.ii.^4-.^^—.JJi——~ 

A 

In the"resonance"   cases, co ■« a . these are  replaced  by  t\ 
following equatlon«: V* U.H 

f'i)'^" [' f> r r 'p f''n 



(a)  During  impact,  for   ■:» = Sp   ( o  Z-    T   ^    1) 

ZIL'JI '^       ^'"''^"'^ r   ' All 

* 
* / '"'^—7~n: sin a 

(b) After impact, for    » » OLJ     (T > l) 

n 
Pi^anr 

i - *>      " "'^ "~  ]kf 9,2 -.   ft 2 ,n        (14b) 
I /^ .-„-_„„™^^..._   sin 2-i\ (T -4)1 

Tn all of the above, the values of p^ are the coots of the 
;: r"v ..     cantilever freqsaency equation: l + s:oshS„oo3B„ ^ 0. 
i; L/       Their values are U^j ", " 

!"■" 

I- ■ Pl - 1887510 

I P2 " <i. 69410 

f i53 - 7*^5476 

I      ■ 8.        It   is   found,   by   plotting C^ vs. 'i"   for  &  aeries 
I of values of f ,  that  the rfiaxlinum stress occurs  (]urtng thn 
\    ' impact  when f<\    while the  maximum  stress  occurs  after 
' une  impac'c,   lor     r > ;i    i'-'igure   c  givua   d   plot   oZ   Lhe  mf. .vi'^num 

bending  stress at  the  claniped  oxid  of the  beam for a  r-an(;e 

ni":Tu.i i/ri-u -   14" 



IP 

E 

hi 

B 

of f from 0,1 to 100.    These maximum values of stress, after 
the Impact, have been obtained by adding the smplitudes of the 

' component osci llatioris., without regard for their phase relation- 
ships. The solution (equations (13a) and (i4a)) shows that, as 
f is increased, the amplitudes of the higher harmonics aro 

^ increased, and it \s  this greater prominence of the high fre- 
„■ quency beam vibrations at larger values of f , that caunes 
h' the maximum stress to continue to increase with  f , as shown 
I in Fisure 2.  It should be noted that although it is .lustifiable 
Ij to tsi'^e the maximum stress as simply the sum of the amplitudes 
I <^f the component harmonics when  f  is not very large, it is 
I      ^   not permissible td continue this up to arbitrarily large values 
^ '        of £     .  If f  is large, say 1000, the above solution 

indicates that the natural frequencies of the beam which will 
be prominent in the stress response, will be those up to about 
the 20th harmonic, (since  oac/^l " P20'^/PI* '%       1000), 
However, these high harmonics will not contribute to the bending 

I w       stresses in ths beam in the manneji- predicted by the above 
I       .  ani^lysls, due to the existence of internal damping, shear, and 
I '■ > -    roji\etory inertia ©ffectB-which are importerit In the hieh Jaar-: 
t fflonics. bht nep,tgiMe in thelow hfirffionios,^' Tn fact,'the 
g difiwi-sntial equation (1) for tho transverse vibrations of a 
S be,im,^ which was used as the basis of this analysis, is an 
I approxlma'ce equation, valid only at sufficientiy low rrequencies. 

practical Interest, the method used to calculate the fflaxlmum 
I bending stresses probably gives a good approximation to the 
I actual values which would be obtained In a beam under the 
I assumed impact conditions. 
K            .. -. 

I 9o  With this restriction on the analytical results, the 
I variation of .maximum stress with duration of impact is found to 
f be basically different from that of the simpl« one-degree of 
I f"-^-       freedom system, in'which the defxeciion h(i(iorr,-:i.^  independent of 
b 'i~- the shortness of the impact dui-atiun at a value of f ^^^■j.-dl 
li to about 3. This conclusion, and the extension of these i-esults 
1; to impacts of arbitrarily short dursiitioR, must be cheeked by 
I experimental work, which is now in progress. 

nriCTHicTEp -,. j <; 
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